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We present an approximate time-dependent metric in ingoing Eddington-Finkelstein coordinates
for an evaporating nonrotating black hole as a first-order perturbation of the Schwarzschild metric,
using the linearized back reaction from a realistic approximation to the stress-energy tensor for the
Hawking radiation in the Unruh quantum state.
I. INTRODUCTION
The physics of black holes is an abundant field in which the convergence of gravitation, quantum theory, and
thermodynamics takes place. The original derivation of Hawking radiation [1] from black holes is based on semi-
classical effective field theory. Normally, quantum fields are considered test fields in the curved spacetime of a
classical background geometry. A quantum field theory constructed on a curved background spacetime experiences
gravitationally induced vacuum polarization and/or particle creation. These effects induce a nonzero expectation value
for the stress-energy tensor. The renormalized expectation value of the complete quantum stress-energy tensor outside
the classical event horizon has been calculated by various authors [2–21], usually using a framework established by
Christensen and Fulling [3]. In this framework, the assumptions are that the stress-energy tensor is time independent,
satisfies local stress-energy conservation, and has a trace determined solely by the conformal anomaly, both for the
fields that are classically conformally invariant (such as a massless scalar field and the electromagnetic field) and for
the gravitational field. The quantum state considered is usually either the Hartle-Hawking state [22] or the Unruh
state [23, 24]. (For discussion of the various black hole vacuum states, see [25]). In the Hartle-Hawking state, one has
thermal equilibrium, and zero net energy flux, with the outgoing Hawking radiation balanced by incoming radiation
from an external heat bath at the Hawking temperature. In [4] a fairly good closed-form approximation for the energy
density and stresses of a conformal scalar field in the Hartle-Hawking state everywhere outside a static black hole can
be found.
In the Unruh state, there is the absence of incoming radiation at both past null infinity and the past horizon, plus
regularity of the stress-energy tensor on the future event horizon in the frame of a freely falling observer, representing
a black hole formed from gravitational collapse, with nothing falling into the black hole thereafter. There have been
many calculations of the quantum stress-energy tensor in the Unruh state in the Schwarzschild spacetime, both for a
massless scalar field and for the electromagnetic field [5–7, 9–13, 15–17]. A method for computing the stress-energy
tensor for the quantized massless spin-1/2 field in a general static spherically symmetric spacetime was presented in
[18–20]. The canonical quantization of the electromagnetic field has also been investigated in the Kerr metric [21].
One of the important questions that one wants to answer concerns the effect of quantized matter on the geometry
of black holes. Such effects in the Hartle-Hawking state have been studied [26] (for similar work see [27–29]), using
the approximation found in [4] for the expectation value of the renormalized thermal equilibrium stress-energy tensor
of a free conformal scalar field in a Schwarzschild black hole background as the source in the semiclassical Einstein
equation. The back-reaction and new equilibrium metric are found perturbatively to first order in ~. The new metric
is not asymptotically flat unless the system is enclosed by a reflecting wall. The nature of the modified black hole
spacetime was explored in subsequent work [30–32]. James Bardeen [33] considered radial null geodesics in a black
hole geometry modified by Hawking radiation back reaction, showing that the event horizon is stable and shifted
slightly in radius from the vacuum background.
In this paper, we construct the first-order back-reaction on the metric in the Unruh state, using the expectation
value of the quantum stress-energy tensor in the Unruh state as the source in the spherically symmetric Einstein
equations. This metric represents the first-order approximation to the metric of an evaporating black hole.
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2II. METRIC ANSATZ
To construct a metric using the expectation value of the quantum stress-energy tensor in the Unruh state as a
source in the spherically symmetric Einstein equations, we first need to find an appropriate metric ansatz. To do
so, we begin (but do not end) with the outgoing Vaidya metric. The outgoing Vaidya metric describes a spherically
symmetric spacetime with radially outgoing null radiation. Here, we consider a black hole evaporating by Hawking
emission. The outgoing Vaidya metric can be written in outgoing Eddington-Finkelstein coordinates as
ds2 = −
(
1− 2µ(u)
r
)
du2 − 2dudr + r2dΩ2 . (1)
Here u is the retarded or outgoing null time coordinate, and dΩ2 = dθ2 + sin2 θdφ2 . We use Planck units, ~ = c =
G = 1.
When the black hole mass µ is much larger than the reciprocal of the masses of all massive particles, the Hawking
emission is almost entirely into massless particles (e.g., photons and gravitons for astrophysical mass black holes),
and the Hawking emission rate is given by
µ′ ≡ dµ
du
= − α
µ2
, (2)
where α is a constant coefficient that has been numerically evaluated to be about α ≈ 3.7474× 10−5 [34–38] for the
emission of massless photons and gravitons. Then we have
µ(u) = (−3αu) 13 . (3)
We are setting u = 0 at the final evaporation of the black hole, so that u is negative for the part of the spacetime
being considered. Moreover, we are assuming that the black hole mass is infinite at negative infinite u, so going back
in retarded time, the mass grows indefinitely, rather than having a black hole that forms at some particular time.
However, for a black hole that forms of some initial mass M0, the metric we find should be good for values of u when
µ(u) < M0.
For r  2µ, the retarded/outgoing time u can be written in terms of the advanced/ingoing time v and radius r as
approximately
u ≈ v − 2r − 4µ ln r
2µ
. (4)
Then µ(u) can be written in terms of v and r as well, since
µ3 ≈ −3αv + 6αr + 12αµ ln r
2µ
= −3αv + 12αµ
(
1
z
− ln z
)
, (5)
where
z ≡ 2µ
r
. (6)
In terms of the zeroth-order solution
µ0(v) ≡ (−3αv)
1
3 (7)
and the function
(v, z) ≡ 4α
µ20
(
1
z
− ln z
)
, (8)
the solution of the cubic equation (5) for µ with v and z given is
µ(v, z) = µ0
[
1
2
+
(
1
4
− 3
) 1
2
] 1
3
+ µ0
[
1
2
−
(
1
4
− 3
) 1
2
] 1
3
. (9)
3FIG. 1: Carter-Penrose diagram for an evaporating black hole. The black hole mass is infinite at negative infinite u. Our
metric applies for v  −1 (in Planck units) and for u < 0, though it should also be good for u somewhat positive (a bit inside
the black hole, so long as z ≡ 2µ/r is not much larger than unity)
We shall consider the region outside the black hole horizon, where r > 2µ, so 0 < z < 1, though our results should
continue to be approximately valid somewhat inside the black hole, so long as z ≡ 2µ/r is not too much larger than
unity, since the approximations used later for the stress-energy tensor were derived for z < 1 and are expected to
become poor for z significantly larger than unity.
When  1, Eq. (9) implies that
µ(v, z) ≈ µ0(1 + ) = (−3αv)
1
3 +
4α
(−3αv) 13
(
1
z
− ln z
)
. (10)
If −3αv  1, then Eq. (7) implies that µ0  1 (the Planck mass), the condition that the semiclassical approximation
be good everywhere outside the black hole. In this case, Eq. (8) implies that   1 unless z  1, in which case
1/z  − ln z, so that  ≈ 4α/(µ20z) = αr/(µ20µ) < αr/(µ30) = r/(−3v). Therefore, if r  −3v  1/α = O(1), then
  1. This condition is implied by 0 < −u  −7v  1, since then Eq. (4) gives 2r ≈ v − u − 4µ ln [r/(2µ)] <
−u− (−v) −6v. That is, 0 < −u −7v  1 is sufficient to imply  1 and the validity of the approximation of
Eq. (10).
With −3αv  1, the second term on the right hand side of Eq. (10) is insignificant unless z  1, and for
12α(−3αv)− 23  z  1, we can take z ≈ 2µ0/r, so that in any case in which −3αv  1 and z  12α(−3αv)− 23 ,
µ(r, v) ≈ µ0 + 2αr
µ20
+
4α
µ0
ln
r
2µ0
≡ (−3αv) 13 + 2αr (−3αv)− 23 + 4α (−3αv)− 13 ln r
2 (−3αv) 13
. (11)
4Next, we transform the outgoing Vaidya metric to ingoing Eddington-Finkelstein coordinates with advanced/ingoing
time v and radius r. Let us consider u as a function of v and r again as in equation (4). Then we have
du ≈ dv − 2dr − 4µ′ ln r
2µ
du− 4µdr
r
+ 4µ′du
⇒ du ≈ eψ˜(v,r)dv − 2
(
1 +
2µ
r
)
eψ˜(v,r)dr , (12)
where
e−ψ˜(v,r) ≡ 1− 4µ′ + 4µ′ ln r
2µ
. (13)
For 0 < −u −7v  1 so that  1 and hence µ− µ0  µ0,
ψ˜(v, r) ≈ −4µ′
(
ln
r
2µ
− 1
)
≈ −4α
µ2
(ln z + 1) . (14)
Plugging back Eq. (12) into the metric (1), we get
ds2 ≈ −
(
1− 2µ
r
)
e2ψ˜(v,r)dv2 + 2eψ˜(v,r)
[
2
(
1 +
2µ
r
)(
1− 2µ
r
)
eψ˜(v,r) − 1
]
dvdr
+ 4
(
1 +
2µ
r
)
eψ˜(v,r)
[
1−
(
1 +
2µ
r
)(
1− 2µ
r
)
eψ˜(v,r)
]
dr2 + r2dΩ2 . (15)
For 1 2µ0  r  −v/2, we thus have
ds2 ≈ −
(
1− 2µ
r
)
e2ψ˜(v,r)dv2 + 2eψ˜(v,r)drdv + r2dΩ2. (16)
Now we modify this metric with corrections going as 1/µ2 with coefficients going mainly as functions of z in order
to match the stress-energy tensor of the Hawking radiation. In particular, we write the general spherically symmetric
metric in ingoing Eddington-Finkelstein coordinates as
ds2 = −e2ψ(v,z)
(
1− 2m(v, z)
r
)
dv2 + 2eψ(v,z)dvdr + r2dΩ2 , (17)
and, motivated by the approximate forms above for the variables µ and ψ˜ in the metric (16), we make the following
ansatz for the metric coefficients of the evaporating black hole:
ψ ≈ 1
µ20
[g(z)− 4α ln z˜] , (18)
m ≈ µ
[
1 +
h(z)
µ20
]
, (19)
where µ(v, z) is given by Eq. (9), or approximately by Eq. (10) for 2r  −v, z ≡ 2µ/r, and z˜ is a function of µ/µ0
that is approximately z for 2r  −v but whose form for larger r will be evaluated later.
Once we find the functions g(z), h(z), and z˜(µ/µ0), the resulting metric (17) should be a good approximation for
the exact nonrotating black hole metric for all v  −1 (that is, for all advanced times before the black hole shrinks
down to near the Planck mass) and for z ≡ 2µ/r <∼ 1 (that is, for all radii outside and even slightly inside the black
hole). For r  1 (radii large in Planck units), the metric should also be good for v >∼ −1 (at advanced times after
the black hole shrinks down to near the Planck mass, where the metric has the approximate outgoing Vaidya form of
Eq. (1)). That is, the metric (17) with ψ given by Eq. (18) and m given by Eq. (19), with g(z), h(z), and z˜(µ/µ0) to
be found below, should be a good approximation for the metric everywhere outside, and even slightly inside, a black
hole evaporating from infinite mass, except in the spacetime region near the final evaporation event of the black hole
and to the causal future of this region (where one would expect quantum gravity effects to be important).
In summary, we started with the outgoing Vaidya metric as a first approximation for a spherically symmetric black
hole metric evaporating by the emission of massless Hawking radiation, and then we switched to ingoing Eddington-
Finkelstein coordinates and introduced the functions g(z) and h(z) to allow us to get a better approximation for the
5metric of an evaporating black hole with the stress-energy tensor of massless Hawking radiation, valid everywhere
outside the black hole (and also slightly inside) that is not to the causal future of the Planckian region where the
black hole has shrunk to near the Planck mass.
For z = 1, we shall make the gauge choice of setting g(1) = h(1) = ln z˜(1) = 0. z = 1 is then the location of the
apparent horizon. For z → 0 (radial infinity along the ingoing radial null curve of fixed v), we have g(z), h(z), and z˜
approaching the constants g0, h0, and z˜0 respectively, so in this limit of infinitely large r/µ, m/µ → 1 + h0/µ20 and
ψ → (g0 − 4α ln z˜0)/µ20. It is only an approximation that ψ and m are functions just of µ and z of this form, but for
a large and hence very slowly evaporating black hole, it seems to be a very good approximation.
For r  −v = µ30/(3α), which implies that µ ≈ µ0 ≡ (−3αv)
1
3 , Eqs. (2) and (19) above show that at fixed z the
mass of the black hole changes as
dm
dv
= − α
µ2
+O( 1
µ4
). (20)
From Eqs. (6)-(9), we get that the area of the apparent horizon (at z = 1) of the evaporating black hole is
A(v) = 4pi [2µ(v, z = 1)]
2 ≈ 16pi(−3αv) 23

[
1
2
+
(
1
4
− 64α
3
(−3αv)2
) 1
2
] 1
3
+
[
1
2
−
(
1
4
− 64α
3
(−3αv)2
) 1
2
] 1
3

2
, (21)
Note that Bardeen [33] considers a quasistationary approximation of the black hole, which is justified as long as
the black hole mass is much larger than the Planck mass mp ≡ (~c/G)1/2, which we are setting equal to unity by
using Planck units. In this case Bardeen has the black hole mass at r ∼ 2µ0, M ≡ µ(v, r = 2µ0), being proportional
to (−v)1/3. In our case we have another extra correction term, so that
M ≈ (−3αv) 13
(
1 +
4α
(−3αv) 23
)
(22)
The metric (17) can be written in the form
ds2 = −e2Ψ
(
1− 2M˜
r
)
dv2 + 2eΨdvdr + r2dΩ2 , (23)
where Ψ ≡ Ψ(v, r) = ψ(v, z = 2µ/r) and M˜ ≡ M˜(v, r) = m(v, z = 2µ/r). Components of the Einstein tensor for this
metric have the following form:
Gvv = − 2
r2
M˜,r , (24)
Gvr =
2
r
Ψe−Ψ , Grv =
2
r2
M˜,v , (25)
Grr =
2
r2
[(
1− 2M˜
r
)
Ψ,r − M˜,r
r
]
, (26)
Gφφ = G
θ
θ =
1
r2
[
r2
(
1− 2M˜
r
)(
Ψ2,r + Ψ,rr
)
+ r
(
1 +
M˜
r
− 3M˜,r
)
Ψ,r − rM˜,rr + r2Ψ,rve−Ψ
]
. (27)
Taking v and z to be the independent coordinates (at fixed angles θ and φ), we can rewrite the metric (17) for
2r  −v (the region where g(z), h(z), and z˜ has significant variation; outside this region we can set g ≈ g0, h ≈ h0,
and z˜ ≈ z˜0 in the metric (17)) as
ds2 ≈ −
[
e2ψ(v,z)
(
1− z
(
1 +
h(z)
µ02
))
− 2eψ(v,z)r,v
]
dv2 + 2eψ(v,z)r,zdzdv +
4µ2
z2
dΩ2
= −Adv2 + 2Bdvdz + r2dΩ2 , (28)
where
r,v ≈ − 2α
z (−3αv) 23
+
8α2
z2
1− z ln z
(−3αv) 43
, (29)
r,z ≈ − 2
z2
(−3αv) 13 − 8α
z3
2 + z − z ln z
(−3αv) 13
. (30)
6Although this form of the metric does not apply everywhere outside a large black hole as the metric (17) does, it
applies where the stress-energy tensor of the Hawking radiation give significant contributions to the functions g(z),
h(z), and z˜ in Eqs. (18) and (19). Therefore, this form of the metric will be used to get approximate solutions of
the Einstein equations for g(z), h(z), and z˜ with the stress-energy tensor of the Hawking radiation of massless fields
in the Unruh quantum state. Then these will be inserted back into Eqs. (18) and (19) to give the functions in the
metric (17), which will be a good approximation for the metric everywhere outside a large black hole evaporating by
Hawking radiation of massless fields.
The stress-energy tensor for the spherically symmetric Unruh quantum state |ψ〉 on the spherically symmetric
curved background of the Schwarzschild space-time with 2µ ≡ rz constant,
ds2 = −(1− z)dt2 + dr
2
1− z + r
2dΩ2 , (31)
in the standard static orthonormal frame
ω0ˆ =
√
1− z dt, (32)
ω1ˆ =
1√
1− z dr, (33)
ω2ˆ = r dθ, ω3ˆ = r sin θ dφ, (34)
can be written in the following form:
〈ψ|T µˆνˆ |ψ〉 =

ρ˜ f˜ 0 0
f˜ P˜ 0 0
0 0 p˜ 0
0 0 0 p˜
 . (35)
Note that we are using a capital P˜ for the radial pressure, and a lower case p˜ for the transverse pressure. Dimensional
analysis shows that for massless fields at fixed z, the dependence of the orthonormal components of the stress-energy
tensor on the mass µ of Schwarzschild metric at fixed z goes as µ−4, so for the slowly evolving metric (28), we shall
assume that the stress-energy tensor (35) has approximately the following form:
〈ψ|T µˆνˆ |ψ〉 = 1
µ40
ρ(z) f(z) 0 0f(z) P (z) 0 00 0 p(z) 0
0 0 0 p(z)
 . (36)
According to Christensen and Fulling [3], the stress-energy tensor in the case of the Schwarzschild spacetime can
be decomposed into four separately conserved quantities. We follow the analysis of Matt Visser [13] and use his form
os the stress-energy tensor, which has a slightly different basis for its decomposition from that of Christensen and
Fulling and is given by
〈ψ|T µˆνˆ |ψ〉 = [Ttrace]µˆνˆ + [Tpressure]µˆνˆ + [T+]µˆνˆ + [T−]µˆνˆ , (37)
where
µ40[Ttrace]
µˆνˆ ≡

−T (z) + z21−zH(z) 0 0 0
0 z
2
1−zH(z) 0 0
0 0 0 0
0 0 0 0
 , (38)
H(z) ≡ 1
2
∫ 1
z
T (z¯)
z¯2
dz¯ , (39)
µ40[Tpressure]
µˆνˆ ≡

2p(z) + z
2
1−zG(z) 0 0 0
0 z
2
1−zG(z) 0 0
0 0 p(z) 0
0 0 0 p(z)
 , (40)
7G(z) ≡
∫ 1
z
[
2
z¯3
− 3
z¯2
]
p(z¯)dz¯ , (41)
µ40[T+]
µˆνˆ ≡ f+ z
2
1− z
1 1 0 01 1 0 00 0 0 0
0 0 0 0
 , (42)
µ40[T−]
µˆνˆ ≡ f− z
2
1− z
 1 −1 0 0−1 1 0 00 0 0 0
0 0 0 0
 , (43)
The decompositions (38) and (40) make sense if the integrals G(z) and H(z) converge. Imposing mild integrability
constraints on T (z) and p(z) at the horizon that is very near z = 1, which are satisfied for the Unruh state where
T (1) and p(1) are actually finite, we have
H(z) =
1
2
T (1)(1− z) +O[(1− z)2], (44)
G(z) = −p(1)(1− z) +O[(1− z)2]. (45)
This is enough to imply that the two tensors (38) and (40) are individually regular at both the past and future
horizon. In Kruskal null coordinates, [T+] is singular on the future horizon H
+ and regular on the past horizon H−.
On the other hand, [T−] is singular on the past horizon H− and regular on the future horizon H+. The two tensors
(42) and (43) correspond to outgoing and ingoing null fluxes, respectively. The constants f+ and f− determine the
overall flux. The Unruh state must be regular on the future horizon, so we need f+ = 0. However, such a condition
na¨ıvely seems to exclude any outgoing radiation. Nevertheless, we can get outgoing radiation by making f− negative.
It is convenient to define
β ≡ 1
213325pi2
≡ 1
368 640pi2
(46)
and set f− = −βf0, where f0 is a positive quantity. In what follows, we also define
f(z) ≡ βf0 z
2
1− z . (47)
Thus,
µ40[T+]
µˆνˆ + µ40[T−]
µˆνˆ ≡
−f(z) f(z) 0 0f(z) −f(z) 0 00 0 0 0
0 0 0 0
 . (48)
Therefore, we have
µ40T
0ˆ0ˆ = ρ(z) = 2p(z) +
z2
1− z (H(z) +G(z))− T (z)− f(z) , (49)
µ40T
1ˆ0ˆ = µ40T
0ˆ1ˆ = f(z) , (50)
µ40T
1ˆ1ˆ = P (z) =
z2
1− z (H(z) +G(z))− f(z) , (51)
µ40T
2ˆ2ˆ = µ40T
3ˆ3ˆ = p(z) . (52)
Since the stress-energy tensor is given in the orthonormal frame, we rewrite Einstein equations in the orthonormal
frame, i.e.,
Gµˆνˆ = 8piTµˆνˆ . (53)
8To find the approximate time-dependent metric for an evaporating black hole as a first-order perturbation of the
Schwarzschild metric, using the linearized back reaction from stress-energy tensor (49)-(52) of the Hawking radiation
in the Unruh quantum state in the Schwarzschild spacetime, we solve Eq. (53) up to relative corrections of the order
of 1/µ2 in the Planck units that we are using. To bring Gµν to the orthonormal frame, note that we have
−(ω0ˆ)2 + (ω1ˆ)2 + (ω2ˆ)2 + (ω3ˆ)2 = −Adv2 + 2Bdvdz + r2dΩ2, (54)
where
ω0ˆ =
√
Adv − B√
A
dz, (55)
ω1ˆ =
B√
A
dz, (56)
ω2ˆ = rdθ, ω3ˆ = r sin θdφ. (57)
We have
G = G0ˆ0ˆω
0ˆω0ˆ +G0ˆ1ˆω
0ˆω1ˆ +G1ˆ0ˆω
1ˆω0ˆ +G1ˆ1ˆω
1ˆω1ˆ +G2ˆ2ˆω
2ˆω2ˆ +G3ˆ3ˆω
3ˆω3ˆ
= Gvvdv
2 + 2Gvzdvdz +Gzzdz
2 +Gθθdθ
2 +Gφφdφ
2. (58)
Therefore, we derive
G0ˆ0ˆ =
Gvv
A
, (59)
G0ˆ1ˆ = G1ˆ0ˆ =
Gvz
B
+
Gvv
A
, (60)
G1ˆ1ˆ =
GzzF
B2
+ 2
Gvz
B
+
Gvv
A
, (61)
G2ˆ2ˆ =
Gθθ
r2
, (62)
G3ˆ3ˆ =
Gφφ
r2 sin2 θ
. (63)
Deriving the Einstein tensor components Gvv, Gvz, Gzz, and Gθθ for the metric (28) and using Eqs. (59)-(63), we
obtain the Einstein tensor components in the orthonormal frame.
III. SOLUTION FOR THE METRIC COEFFICIENTS
We now solve the Einstein equation (53) to first order in the perturbation of the metric from the Schwarzschild
metric, using the stress-energy tensor whose components are proportional to 1/µ4. From the zero-one component of
the Einstein equation, we get
f(z) =
αz2
16pi (1− z) . (64)
Comparing this to Eq.(47), we have f0 = α/(16piβ). Therefore, the Hawking radiation luminosity of the black hole is
not only L = −dm/dv ≈ α/µ2 but also 16piβf0/µ2. From the zero-zero component, we find
ρ(z) =
z2
32pi (1− z)
[
2α
(
1− 2z2)− z2(1− z)h,z] = f(z) (1− 2z2)− z4 h,z
32pi
. (65)
From the one-one component of Einstein equation (53), we get
P (z) =
z2
32pi (1− z)
[
2α
(
1− 8z + 6z2)− 2z(1− z)2g,z + z2(1− z)h,z]
= f(z)
(
1− 8z + 6z2)− 1
16pi
z3(1− z)g,z + z
4h,z
32pi
. (66)
9From the two-two component, we get
p(z) =
z3
64pi
[
16α+ (2− 5z) g,z − 2zh,z + 2 z (1− z)g,zz − z2 h,zz
]
= 4f(z) z (1− z) + z
3
64pi
[
(2− 5z) g,z − 2zh,z + 2 z (1− z)g,zz − z2 h,zz
]
. (67)
Now let us suppose that in the stress-energy tensor components (49)-(52), the functions p(z) and T (z) are explicitly
given. We then solve for the metric functions h(z) and g(z) in terms of p(z) and T (z). Moreover, we are making the
gauge choice of setting g(1) = h(1) = 0. From Eq. (64), we have f(z).
From G0ˆ0ˆ = 8pi T0ˆ0ˆ and G1ˆ1ˆ = 8pi T1ˆ1ˆ, we get
g(z) = −
∫ 1
z
[
2α(1− 4z¯ + 2z¯2)
z¯(1− z¯)2 + 16pi
P (z¯) + ρ(z¯)
z¯3(1− z¯)
]
dz¯
=
∫ 1
z
[
32pi
H(z¯) +G(z¯)
z¯(1− z¯)2 − 16pi
T (z¯)− 2p(z¯)
z¯3(1− z¯) −
4α
z¯
]
dz¯ , (68)
h(z) =
∫ 1
z
[
−2α(1− 2z¯
2)
z¯2 (1− z¯) +
32pi ρ(z¯)
z¯4
]
dz¯
=
∫ 1
z
[
32pi
H(z¯) +G(z¯)
z¯2(1− z¯) − 32pi
T (z¯)− 2p(z¯)
z¯4
− 4α (1 + z¯)
z¯2
]
dz¯ . (69)
Note that the functions H(z) and G(z) are given in terms of T (z) and p(z) by Eqs. (39) and (41). For any conformally
invariant quantum field, the trace of the stress tensor is known exactly and is given by the conformal anomaly. In the
Schwarzschild space-time, the dimensionless trace is T (z) = µ4Tαα , where
T (z) = γz6 = ξβz6 , (70)
with β ≡ 1/(213325pi2). Here ξ is a dimensionless coefficient of the trace. For spins 0, 1/2, 1, 3/2, and 2 (with particles
identical to antiparticles, so that for each momentum, there is a single one-particle state for spin 0 and two for higher
spins, one for each of the two helicities), ξ is respectively 96, 168, −1248, −5592, and 20352 [25]. Eq. (39) then gives
H(z) =
γ
10
(1− z5) . (71)
Therefore, we can derive g(z) and h(z) using these special forms for T (z) and H(z):
g(z) = 32pi
∫ 1
z
(
G(z¯)
z¯(1− z¯)2 +
p(z¯)
z¯3(1− z¯)
)
dz¯ +
8
15
piγ (1− z) (29 + 17z + 8z2)+ (4α− 16
5
piγ) ln z , (72)
h(z) = 32pi
∫ 1
z
1
z¯4
(
2p(z¯) +
z¯2
1− z¯ G(z¯)
)
dz¯ +
8
5
piγ
(1− z)
z
(2− 3z − 5z2 − 6z3) +
(
4α− 16
5
piγ
)
ln z − 4α
z
(1− z) .
(73)
A 5-term polynomial is believed to be a good approximation for the function p(z). There is evidence [39] that p(z)
starts off at order z3, and the anomalous trace introduces a term of z6. Also, for spin one particles, there exists
evidence [39] for a z7 term. Therefore, we consider p(z) to be a polynomial of the form
p(z) = β(k3z
3 + k4z
4 + k5z
5 + k6z
6 + k7z
7) . (74)
Using Eq. (74) for p(z) in Eq. (41) gives
G(z) = β(1− z)
[
k3
2
(1− 3z)− k4z2 − k5
12
(1 + z + z2 + 9z3)− k6
10
(1 + z + z2 + z3 + 6z4)
−k7
10
(1 + z + z2 + z3 + z4 + 5z5)
]
. (75)
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Finally, we can write f(z), ρ(z) and P (z) in the following form:
f(z) = βf0
z2
1− z , (76)
ρ(z) = −f(z) + βz2
[
ξ
10
(1 + z + z2 + z3 − 9z4) + k3
2
(1 + z) + k4z
2 − k5
12
(1 + z + z2 − 15z3)
− k6
10
(1 + z + z2 + z3 − 14z4)− k7
10
(1 + z + z2 + z3 + z4 − 15z5)
]
, (77)
P (z) = −f(z) + βz2
[
ξ
10
(1 + z + z2 + z3 + z4) +
k3
2
(1− 3z)− k4z2
−k5
12
(1 + z + z2 + 9z3)− k6
10
(1 + z + z2 + z3 + 6z4)− k7
10
(1 + z + z2 + z3 + z4 + 5z5)
]
. (78)
We want at asymptotic infinity the stress energy tensor to be that of an outgoing flux of positive radiation, requiring
ρ(z)→ f(z) asymptotically as z → 0 [3]. Picking up the dominant terms [O(z2)] in (76) and (77), we see that
f0 =
ξ
20
+
k3
4
− k5
24
− k6
20
− k7
20
. (79)
In the case that k3 = 0, this constraint is the same as Eq. (29) in [13]. If now we apply the constraint (79), we can
replace one of the constants k3, k4, k5, k6, or k7. For example, we can write
k6 = −20f0 + ξ + 5k3 − 5
6
k5 − k7 = −211 32 52 piα+ ξ + 5k3 − 5
6
k5 − k7 , (80)
or
k7 = −20f0 + ξ + 5k3 − 5
6
k5 − k6 = −211 32 52 piα+ ξ + 5k3 − 5
6
k5 − k6 . (81)
Then, the equations for ρ(z) and P (z) can be written as follows:
ρ(z) =
β
1− z
[
ξ
20
z2(1− 20z4 + 18z5) + k3
4
z2(1− 2z2) + k4z4(1− z)− k5
24
z2(1− 32z3 + 30z4)
−k6
20
z2(1− 30z4 + 28z5)− k7
20
z2(1− 32z5 + 30z6)
]
= βz2
[
f0
1− z (1− 30z
4 + 28z5) +
ξ
2
z4 − k3
2
(z2 + z3 − 14z4) + k4z2 + k5
6
(8z3 − 7z4)− 3k7
2
z4(1− z)
]
= βz2
[
f0
1− z (1− 32z
5 + 30z6)− ξ
2
(2z4 − 3z5)− k3
2
(z2 + z3 + z4 − 15z6) + k4z2
+
k5
12
(16z3 − 15z4)(1 + z) + 3k6
2
(z4 − z5)
]
, (82)
P (z) =
β
1− z
[
ξ
10
z2(1− z5) + k3
2
z2(1− 4z + 3z2)− k4z4(1− z)− k5
12
z2(1 + 8z3 − 9z4)
−k6
10
z2(1 + 5z4 − 6z5)− k7
10
z2(1 + 4z5 − 5z6)
]
= βz2
[
f0
1− z (1 + 10z
4 − 12z5)− ξ
2
z4 − k3
2
(4z + z2 + z3 + 6z4)− k4z2 − k5
6
(4z3 − 3z4) + k7
2
z4(1− z)
]
= βz2
[
f0
1− z (1 + 8z
5 − 10z6)− ξ
2
z5 − k3
2
(4z + z2 + z3 + z4 + 5z5)
−k4z2 − k5
12
(8z3 − z4 − 5z5)− k6
2
(1− z)z4
]
. (83)
Expressions (82) and (83) are each presented in three forms, first in terms of ξ and the ki coefficients, and then by
substituting either k6 or k7 from the constraint. This is done because current fits to the numerical computations of the
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FIG. 2: (a) Behaviour of the function p(z)/z3 for spin 0, black-dotted line for the case of k3 = 0 and red-solid line for the case
of k3 6= 0. (b) Behaviour of the function p(z)/z3 for spin 1, blue-dashed line for the case of k3 = k7 = 0 and black dash-dotted
line for the case of k3 6= 0 and k7 6= 0.
energy-momentum tensor show that for spin zero particles an expansion of (74) with terms up to k6 are appropriate.
However, for spin one particles an expansion of (74) with terms up to k7 are used. Now, solving the Einstein equation
(53), we obtain
g(z) =
1
2113352pi
(1− z)
[
2ξ(29 + 17z + 8z2)− 5k5(7 + 3z)− 2k6(29 + 17z + 8z2)− k7(73 + 49z + 31z2 + 15z3)
]
=
1
211345pi
(1− z)
[
(24f0 − 6k3)(29 + 17z + 8z2) + 8k5(1 + z + z2)− 9k7(z + 1)(z2 + 1)
]
=
1
212345pi
(1− z)
[
3(−6ξ + 6k6)(z + 1)(z2 + 1) + (24f0 − 6k3)(73 + 49z + 31z2 + 15z3)
+k5(31 + 31z + 31z
2 + 15z3)
]
, (84)
h(z) =
1
2113352pi
(1− z)
[
−2ξ(9 + 15z + 18z2) + 120k4 + 5k5(13 + 15z) + 2k6(19 + 25z + 28z2)
+k7(23 + 35z + 41z
2 + 45z3)
]
=
1
211345pi
(1− z)
[
12ξ(1 + z + z2)− (24f0 − 6k3)(19 + 25z + 28z2) + 72k4 + 4k5(5 + 5z − 7z2)
+9k7(z − 1)(3z2 + 2z + 1)
]
=
1
212345pi
(1− z)
[
6ξ(1 + z + z2 + 9z3) + (−8f0 + 2k3)(69 + 105z + 123z2 + 135z3) + 144k4
+k5(55 + 55z − 41z2 − 45z3) + 18k6(1− z)(1 + 2z + 3z2)
]
. (85)
We remind the reader that ξ is the value of the trace anomaly coefficient from Eq. (70). The constants k3, k4, k5, k6,
and k7 appear in Eq. (74) for the transverse pressure. We have used Eqs. (80) and (81) to eliminate k6 or k7. The
constant f0 is related to the Hawking luminosity by L = −dm/dv ≈ α/µ2 = 16piβf0/µ2, with β ≡ 1/(213325pi2).
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FIG. 3: Behaviour of the function g(z) for spin 0, black dotted line for the case of k3 = 0 and red solid line for the case of
k3 6= 0. For spin 1, blue dashed line for the case of k3 = k7 = 0 and black dash-dotted line for the case of k3 6= 0 and k7 6= 0.
FIG. 4: Behaviour of the function h(z) for spin 0, black dotted line for the case of k3 = 0 and red solid line for the case of
k3 6= 0. For spin 1, blue dashed line for the case of k3 = k7 = 0 and black dash-dotted line for the case of k3 6= 0 and k7 6= 0.
Matt Visser [13] has performed a least-squares fit to the transverse pressure data of Ottewill, McLaughlin and Jensen
[9] for the case of spin zero in the Unruh state, giving the constants k4 = 26.565, k5 = −59.021, k6 = 38.207, and
f0 = 5.349, when k3 = 0. For the case with k3 6= 0, before his publication [39], Bardeen kindly provided us in private
communications [40] the values of the constants k3 = 0.264, k4 = 25.438, k5 = −57.460, k6 = 37.503, and f0 = 5.319.
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FIG. 5: Behaviour of the function µ2ψ for spin 0, black-dotted line for the case of k3 = 0 and red-solid line for the case of
k3 6= 0. For spin 1, blue-dashed line for the case of k3 = k7 = 0 and black dash-dotted line for the case of k3 6= 0 and k7 6= 0.
For spin 1 particles we have from [12], k3 = 0, k4 = −239.06 ≈ 3825/16, k5 = −166.54 ≈ −3828/23, k6 = −1158 and
f0 = 2.4348 ≈ 56/23, using more digits of the data from [34–38] for k5 and f0, though the last digits are probably
uncertain. For this case, we also have Bardeen’s fit, k3 = 114.62, k4 = −1186.24, k5 = 1393.96, k6 = −2537.42 and
k7 = 652.20 [39], with f0 = 2.434 from the constraint.
Now that we have calculated the h(z) and g(z) functions of the metric (28), we can calculate the Kretschmann
scalar K ≡ RαβγδRαβγδ, which has the following form:
K = 12F 2 + 4F (2Gaa −Gii) + (Gaa −Gii)2 + 2GabGba
= 12F 2 + 8F (G00 +G
1
1 −G22) + 3(G00)2 + 3(G11)2 + 2G00G11 + 4G01G10 − 4G22(G00 +G11 −G22)
= 12F 2 + 8F (Grr +G
v
v −Gθθ) + 3(Grr)2 + 3(Gvv)2 + 2GrrGvv + 4GrvGvr − 4Gθθ(Grr +Gvv −Gθθ)
≈ 48m
2
r6
− 128pim
r3µ40
[p(z)− P (z) + ρ(z)] . (86)
Here, F = 2m/r3, and the indices a and b correspond to 0 and 1 while i and j correspond to 2 and 3. The first term
in K is equal to the Kretschmann scalar for the Schwarzschild solution. In Fig. 6 we have plotted
C ≡ r6K − 48m2 ≈ 2
10pi
z3
[P (z)− ρ(z)− p(z)] = 2
10pi
z3
[T (z)− 3p(z)] (87)
We further define
S(z) = µ80(T
ab − 1
2
T ccg
ab)(Tab − 1
2
T ddgab), (88)
where lower case Roman letters a, b, etc., run only over 0 and 1, or t and r. This gives us
S(z) =
1
2
(ρ+ P )2 − 2f2 = β2 z
4 J(z)
2
(
(1− z)2J(z)− 4f0
)
, (89)
where
J(z) =
ρ+ P + 2f
β z2(1− z)
= 4f0(1 + 2z + 3z
2)− k3(2z + 3z2)− 0.8(k6 − ξ)z3 − 2.2k7(4z3 + 5z4) . (90)
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FIG. 6: (a) Behaviour of the function C ≡ r6RαβγδRαβγδ − 48m2 ≈ 210piz−3[P (z) − ρ(z) − p(z)] for spin 0, black dotted line
for the case of k3 = 0 and red solid line for the case of k3 6= 0. (b) Behaviour of the function C for spin 1, blue dashed line for
the case of k3 = k7 = 0 and black dash-dotted line for the case of k3 6= 0 and k7 6= 0.
FIG. 7: (a) Behaviour of the function J for spin 0, black-dotted line for the case of k3 = 0 and red-solid line for the case of
k3 6= 0. (b) Behaviour of the function J for spin 1, blue-dashed line for the case of k3 = k7 = 0 and black dash-dotted line for
the case of k3 6= 0 and k7 6= 0.
After noticing that the two different polynomial approximations for p(z) for spin 0 give very similar graphs for
p(z)/z3 in Fig. 2, g(z) in Fig. 3, h(z) in Fig. 4, µ2ψ in Fig. 5, C ≡ r6RαβγδRαβγδ − 48m2 in Fig. 6, J(z) =
[ρ+P + 2f ]/[βz2(1− z)] in Fig. 7, and S(z)/z5 in Fig. 8, it is somewhat surprising that the analogous graphs for the
two different polynomial approximations for p(z) for spin 1 are fairly nearly the same for Fig. 2 but so greatly different
for the other graphs. It appears that even though the two polynomial approximations are nearly the same for p(z) ,
the procedure for going from that tangential (angular) component of the stress-energy tensor to the radial and time
components give large relative differences, perhaps partly due to approximate cancelations of the absolute values that
accentuate the relative differences. One can also see that the two polynomial approximations for p(z) for spin 0 have
very nearly similar ki coefficients, whereas the two for spin 1 have greatly different ki coefficients, even though the
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FIG. 8: (a) Behaviour of the function S(z)/z5 for spin 0, black-dotted line for the case of k3 = 0 and red-solid line for the case
of k3 6= 0. (b) Behaviour of the function S(z)/z5 for spin 1, blue-dashed line for the case of k3 = k7 = 0 and black dash-dotted
line for the case of k3 6= 0 and k7 6= 0. For p(z) given by Eq. (74) for spin 1 with k3 = k7 = 0, S(z) > 0 for z > 0.8854, but
S(z) < 0 for 0 < z < 0.8854, where there is no frame with zero energy flux. For the spin-1 approximation for p(z) with k3 6= 0
and k7 6= 0, S(z) > 0 for z > 0.04374, but S(z) < 0 for 0 < z < 0.04374. For spin 0, S(z) < 0 for 0 < z < 1.277 (for k3 = 0) or
1.278 (for k3 6= 0), so there is no frame without energy flux anywhere outside the black hole for spin 0.
resulting p(z) functions do not appear that dissimilar. Furthermore, for the spin-1 polynomial approximation with
k3 = k7 = 0, the absolute values of the function g(z) in Fig. 3, of µ
2ψ in Fig. 5, of S(z)/z5 in Fig. 8, and of J(z) in
Fig. 7 are all small compared with those of both of the approximations for spin 0 and of the other approximation for
spin 1.
Because of the huge differences in the results from the two polynomial approximations for spin 1, these numerical
results cannot yet be viewed as giving very reliable values for the stress-energy tensor and for the metric coefficients.
However, our analytical formulas can be used to getting the metric to high accuracy once the tangential pressure
function p(z) is better known. Of course, another lacuna in our numerical results is that there is as yet, so far as we
know, no good approximations for the effective stress-energy tensor components from the spin-2 quantum gravitational
field (other than for the flux coefficient f0). Assuming that photons and gravitons are the only massless fields in nature
and that the lightest neutrino mass is not orders of magnitude smaller than the others so that it would be comparable
to the Hawking temperature of an astrophysical black hole, once we know the spin-2 stress-energy tensor of the Unruh
state around a Schwarzschild black hole, as well as a better approximation for that of spin 1, then after the universe
expands sufficiently, and after matter clears out from near each astrophysical black hole, then our formulas would
enable one to calculate an accurate metric (that is, one whose small departure at each time from the Schwarzschild
metric is accurately known) for such an isolated astrophysical black hole as it evaporates by the emission of Hawking
radiation that would be almost entirely photons and gravitons.
Note that for z  1, the leading contribution (lowest power of z) S(z) ∼ −4β2f0k3z5. Since for both spin 0
and spin 1, k3 is positive, this implies that S(z) is negative for sufficiently small z. Negative S(z) means that the
stress-energy tensor is of Hawking-Ellis Type IV [41], so there is no timelike or null eigenvector. This implies that no
matter how fast an observer moves away from the black hole where S(z) < 0, the Hawking radiation energy flux in
the observer’s frame will always be outward (unlike solar radiation, for example, where at the location of the earth
an observer with an outward velocity greater than 0.999 993 7453(12) of the speed of light [a gamma factor greater
than γ = 283.737(26) ≈ 31/4 (astronomical unit)/(solar radius)] relative to the sun, will see the sun cover enough of
sky (more than 63.4%) that the flux will be inward in the observer’s frame). The solar radius is provided in [42].
Another scalar that we can calculate now that we know the form of h(z) and g(z) functions is T 2 = TµνTµν :
T 2(z) =
1
µ80
[ρ2 + P 2 + 2(p2 − f2)], (91)
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FIG. 9: (a) Behaviour of the function µ80T
2 for spin 0, black-dotted line for the case of k3 = 0 and red-solid line for the case of
k3 6= 0. (b) Behaviour of the function µ80T 2 for spin 1, blue-dashed line for the case of k3 = k7 = 0 and black dash-dotted line
for the case of k3 6= 0 and k7 6= 0.
So far we have found the metric for 1  (−3αv) 13 . r  −v/2. (Indeed, it should apply even a bit inside the
event horizon that is very near z = 1, but for z significantly larger than 1, the approximations used for the stress-
energy tensor will not be valid.) However, we have assumed that 2r  −v so that the difference between µ(v, z) and
µ0(v) ≡ (−3αv) 13 is small, and so that z˜ in Eq. (18) is approximately z ≡ 2µ/r ≈ 2µ0/r. Now it is time to find what z˜
is when these approximations are not valid, in order that we may have expressions for the metric coefficients that are
good approximations no matter how large r is for fixed v and hence no matter how small z is. (Note that if −4α ln z˜
were replaced by −4α ln z in Eq. (18), then ψ would diverge as r is taken to infinity and z to zero, whereas actually
ψ stays finite and small.)
In a coordinate basis using the ingoing Eddington-Finkelstein coordinates (v, r, θ, φ) of the metric (17), the Einstein
equations give
ψ,r = 4pirTrr . (92)
Alternatively, in an orthonormal frame in which e0ˆ is the 4-velocity of worldlines of constant (r, θ, φ) and e1ˆ is the
unit spacelike vector in the outward radial direction orthogonal to e0ˆ, one has
ψ,r =
4pir
1− 2m/r
(
T 0ˆ0ˆ + T 0ˆ1ˆ + T 1ˆ0ˆ + T 1ˆ1ˆ
)
. (93)
For the polynomial approximations for the stress-energy tensor given above, one gets that the radial partial derivative
of ψ at fixed ingoing null coordinate v, ψ,r, is approximately 1/(µ
2r) multiplied by a polynomial in z = 2µ/r. Note
that we have made the gauge choice of setting ψ(v, z = 1) = 0 at the apparent horizon (z ≡ 2µ/r = 1), so that
the value of ψ(v, z) outside the apparent horizon (i.e., for z < 1) is obtained by integrating ψ,rdr from the apparent
horizon at r = 2µ to the greater value r = 2µ/z along a null geodesic with constant v. Because the integrand is
approximately 1/(µ2r) multiplied by a polynomial in z, we can integrate 1/(µ2r) multiplied by each power of z and
then combine the results with the appropriate coefficients from the polynomial in z. When we do this for the positive
powers of z, µ will stay very near µ0 ≡ (−3αv) 13  1 for nearly all of the dominant part of the integral, so that those
integrals will combine to give g(z)/µ20. However, if we assume that µ ≈ µ0 when 1/(µ2r) is multiplied by the constant
term in the polynomial in z, this term integrates to (−4α/µ02) ln z, which diverges as r is taken to infinity and hence
z is taken to zero. This divergent logarithmic integral is of course dominated by very large r, where it is not valid to
retain the approximation µ ≈ µ0, which is actually only valid for 2r  −v. For larger r, µ rises with r, so that the
integral of dr/(µ2r) remains bounded by a finite quantity no matter how large the upper limit of r is taken. What
we actually get is the convergent integral
(−4α/µ02) ln z˜ =
∫ r
2µ0
4αdr′
µ2r′
. (94)
This integral will give z˜ ≈ z = 2µ/r for 2r  −v. The deviations will only become significant for larger r, for
which the logarithmic term on the right hand side of Eq. (5) is negligible in comparison with each of the other two
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terms. Then we can let
x ≡ µ
µ0
≈
(
1 +
6αr
µ03
) 1
3
(95)
become the new independent variable, which has a lower limit at r = 2µ0 of xh = (1 + 12α/µ
2
0)
1
3 ≈ 1 + 4α/µ20, which
then gives
− ln z˜ =
∫ x
xh
3dy
y3 − 1 , (96)
and hence
z˜ ≈ 4α
µ20(x− 1)
√
x2 + x+ 1
3
exp
[√
3 tan−1
(
1√
3
x− 1
x+ 1
)]
. (97)
For 6αr  µ30 ≡ −3αv, so that x ≈ 1 + 2αr/µ30 is very near 1, this gives z˜ ≈ z, but unlike z, which goes to zero as r
goes to infinity, z˜ decreases only to the positive v-dependent constant
z˜0(v) ≡ z˜(v, z = 0) ≈ 4α√
3µ20
exp
(√
3pi
6
)
. (98)
As a result, the function ψ in the ingoing Eddington-Finkelstein metric (17), which we have set to zero (along with
g(z) and h(z)) at the apparent horizon at z = 1, does not diverge as r is taken to infinity and z ≡ 2µ/r is taken to
zero, but rather it goes to the finite (and small) limit of
ψ0(v) ≡ ψ(v, z = 0) ≈ (g0 − 4α ln z˜0)
µ20
. (99)
In Figs. (3)-(5), we have plotted the functions g(z), h(z) and µ2ψ for spin 0 and spin 1 particles, assuming that µ0
is sufficiently large that the last plot does not extend into the very large r & −v regime where µ significantly exceeds
µ0. For the functions g(z), h(z), and µ
2ψ, the curves for spin 0 with k3 = 0 and with k3 6= 0 very nearly overlap.
Therefore, knowing the value of the trace anomaly coefficients ξ for the appropriate massless fields, i.e., scalar,
electromagnetic, and/or gravitational, and the constants k3, k4, k5, k6, and k7, we have an approximate time-
dependent metric for an evaporating black hole as a first-order perturbation of the Schwarzschild metric given by Eqs.
(17)-(19) in (v, r) coordinates with z = 2µ/r from Eq. (6), µ(v, r) from Eq. (11), the functions g(z) and h(z) given
by Eqs. (84)-(85), and the function z˜ given by Eq. (97) with x therein given by Eq. (95). We also remind the reader
that we have chosen the gauge such that g(1) = h(1) = ln z˜(1) = 0, and that this metric applies everywhere outside
the black hole before it gets so small that quantum gravity effects become important.
IV. COMPARISON OF METRICS
The metric (17) with our expressions for the functions contained therein should be valid for 1  (−3αv) 13 . r.
(Indeed, it should apply also for somewhat smaller r, a bit inside the event horizon that is very near z = 1, but for z
significantly larger than 1, the approximations used for the stress-energy tensor will not be valid.) Next, we want to
convert it back to outgoing Eddington-Finkelstein coordinates to see how our metric behaves in the coordinate system
(u, r) in the restricted region µ/r = (−3αu)1/3/r  1, where the outgoing Vaidya metric (1) is approximately valid.
Consider the metric (17) with functions h and g known from Eqs. (84) and (85), using the relation
v ≈ u+ 2r + 4 (−3αu)1/3 ln
[
r
2 (−3αu)1/3
]
. (100)
We get
dv = Ψ1du+ Ψ2dr , (101)
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where
Ψ1 = 1−
4α ln
[
r
2(−3αu)1/3
]
(−3αu)2/3 +
4α
(−3αu)2/3 , (102)
Ψ2 = 2 +
4(−3αu)1/3
r
. (103)
The metric (17) with functions h and g given by Eqs. (84) and (85) becomes
ds2 = −e2ψ
(
1− 2m
r
)
Ψ21du
2 − 2
[
e2ψ
(
1− 2m
r
)
Ψ1Ψ2 − eψΨ1
]
dudr
+
[
2eψΨ2 − e2ψ
(
1− 2m
r
)
Ψ22
]
dr2 + r2dΩ2
= guudu
2 + 2gurdudr + grrdr
2 + r2dΩ2 . (104)
For −3αu 1 we have
guu = −1 + 2(−3αu)
1/3
r
− 2
(−3αu)1/3 r
[
4α ln
(
r
2(−3αu)1/3
)
− 8α− h− 2g
]
+O( 1
(−3αu)2/3 ) , (105)
gur = −1 + 8(−3αu)
2/3
r2
+O( 1
r2
) , (106)
grr =
16(−3αu)2/3
r2
+
−96αu
r3
+O( (−3αu)
4/3
r4
) . (107)
Eqs. (104)-(107) give us the corrections to the outgoing Vaidya metric (1) for an evaporating black hole, in outgoing
Eddington-Finkelstein coordinates. When we consider only terms of the order of unity and of first order in the small
quantity µ/r = (−3αu)1/3/r, we get
guu ≈ −1 + 2(−3αu)
1/3
r
, (108)
gur ≈ −1 , (109)
grr ≈ 0 . (110)
Therefore, for µ/r = (−3αu)1/3/r  1 we get the outgoing Vaidya metric,
ds2 ≈
(
−1 + 2(−3αu)
1/3
r
)
du2 − 2dudr + r2dΩ2 . (111)
This form of the metric applies for 1 (−3αv) 13  r, so it does not apply near the black hole horizon, where the
more general Eq. (17) does apply, but it is applicable for arbitrarily large r. It also applies for positive advanced time
v, after the black hole has evaporated, so long as one avoids the Planckian region near the final evaporation and its
causal future, where quantum gravity effects are expected.
V. SUMMARY
In this paper we have constructed an approximate time-dependent metric for an evaporating black hole as a first-
order perturbation of the Schwarzschild metric, using the linearized back reaction from the stress-energy tensor of
the Hawking radiation in the Unruh quantum state in the unperturbed spacetime. We used a metric ansatz in
ingoing Eddington-Finkelstein coordinates (v, r). Our ansatz is such that at infinity we get the Vaidya metric in
the outgoing Eddington-Finkelstein coordinates (u, r). We have solved the corresponding Einstein equations for the
metric functions to first order in the stress-energy tensor of the unperturbed Schwarzschild metric. Therefore, our
metric should be a very good approximation everywhere near to and everywhere outside the event horizon when the
mass is large in Planck units.
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